Continuous and Discrete
Modeling for IBIS-AMI

Bob Ross

{ é(i o bob@teraspeed.com

European IBIS Summit
Naples, Italy
May I I, 201 |

TERASPEED

Page | © 201 | Teraspeed Consulting Group LLC CONSULTING
GROUP



Problem and Traditional Methods

* Relate, for example, tap coefficients to
continuous function for IBIS-AMI

* Laplace Transform to/from Z Transform
— Closed form tables

— Bilinear transformation approximation
commonly used by substituting for s or z:

st . 1+sT/2 1 2. z—1

= m, S = ln(z) = (;)—

zZ =28 = -
T z+1

* Exact solution given here
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Special Notion - Equations (1)-(4)

Laplace Transform

Differential Equation

Difference Equation

n—-1
a, ;S +---+a,

X(s)=
(%) s"+b 8" +---+h,

X"(t)+b _ X" (t) +---+bx(t) =0

initial conditions, X(0),---, X" (0),

X, (t) + dn—lxn—l(t) Salie dOXO(t) =0

initial conditions, X,(0),---, X, _,(0),

-1
z(C 2" +---+Cy)
Z Transform Z(z) =——"— 0’
2" +d, 2"+ +d,
Page 4 © 201 | Teraspeed Consulting Group LLC

TERASPEED
CONSULTING
GROUP



Conversions and Responses (5)-(26)

Numerator Initial
Coefficients l l Conditions

A M(T) = A
(T) = exp(AT) M, E,
B .
. . Taylor Series
Laplace Differential
Transform Equation Time
Responses
(Traditional A1-M| = E
methods) A-L| = A
L(T), A,
. Dual of T.S.
Z Transform D|ffere.nce
Equation . .
Differential
D
Responses

E, L(T) = In(E)/T
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Differential

Difference

Eqn’s (5)-(8) Eqn’s (9)-(12)

x(t) = [ (0). X(2). -

T

a-— ['I:I_rz_]_:...:'ﬂlﬁl] 3

10
b, 1
B=| :
b,
L "I;Il "I'-"J
a = Bx(0)
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T | z(t) = %), X (0, X, (O]
T
C = ["I:ﬂ—l . E.:.]
0 0 10 0 0
00 d_, 1 0 0
' D= : '
1 0 d, d, 1 0
"I'-'In—l 1_ N 'ﬂrl 'ﬂrl 'ﬂrn—l 1_
) ST
c-= DZ(O) TERASPEED
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Differential Difference
Eqn’s (13)-(16) Eqn’s (18)-(21)

dx(t)/dt = Ax() z(t+T) = Ez(t)
0 1 0 0 1 0
0 0 0 0 0 0
A = E= :
0 0 1 0 0 1
—by — b b, —d, —d, —d,
x(t+T) = Mx(t) dz(t)/dt = Lz(t)
E= L
exp(LT) ST
M = exp(AT) L = In(E)/T TERASPEED
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Differential Difference
Eqn (17) Eqn (22)

IA1-M| =
A" +d_
0
()
A = ;
0
|~ by
Page 8

0 | 0
Pl yetd =0 0 0 - 0
‘ E= : ; '
0 0 I
1 0 ] —d, —d —d,
0 0
- A-L| =
0 1 A +b A et by =0
— b —b _
p_
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Characteristic Equation

* Cayley-Hamilton Theorem — a matrix
satisfies its own characteristic equation

* Computation of characteristic equations:
— Based on built in mathematical functions

— Or based on calculating traces (sum of diagonal
terms) of powers of M or L

— Further simplifications possible (outside scope

of this presentation)
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Taylor Series Dual of T.S.
Eqn’s (23)-(24) Eqgn (25)-(26)

: S “ d :
x . 0=7 T (e 7= x. OF
Ewl Kl
. 1.2
I':-E:t :T ."I.IEI'.-! ﬁG':_EZlE
el

W=
k) Hg-k! l\g—k
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Recursive Taylor Series
(Repeat b and c)

a) Initialize: i =1, ..., n-1 (B)
x(0) =an1  x(0) = an-g-i - Xzh bp-i-j %/ (0)
b) Extend: i=n, ..., p (A)

x'(®) =-X720 by xt T (1)

c) Next time step: i =0, ..., n-l (Taylor series)

x'(t+T) = X0_ 27 ()

(L
(0!

R. I. Ross, “Evaluating the Transient Response of a Network Function,”

Proc. IEEE, vol.55, pp. 615-616, May 1967

TERASPEED

Page | | © 201 | Teraspeed Consulting Group LLC CONSULTING
GROUP




Excel T.S. Implementation

|'4_—f|taylor_tran_6b‘xls [Compatibility Mode] - Microsoft Excel = [E &2
A B C D E F G H J K L M N 0 P Q R S T ] Ui
1 Laplace Transform N and D¢ Coefficients Copy for Pasting
2 al ab ad ad al a2 al al ab ad ad al a2 al al
3 o | 1 1 FI] 210 168 4725 10395 10395 | [ o 0 0 0 0 0 10395 |
4 b7 b6 b5 b4 b3 b2 b1 b0 b6 b5 b4 b3 b2 bi b0
5 1 |2 210 1260 4725 10395 10395 0 | [ 21 210 1260 4725 10395 10395 0 |
6 T-Step ns
7 Solect
8
9 N 0 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16 17 18 1
10 Tan/n! 1 005 000125 208E-05 26E-07 260417E-09 217E-11 155E-13 9.69E-16 5.38E-18 269E-20 122E-22 51E-25 196E-27 7E-30 233E-32 729E-35 214E-37 5.96E-40 157
11
= : o 0 1 2 3 4 5 6 7 3 9 10 1 12 13 14 15 16 17 18 1
13 0 1 0 0 1428 29988 -350658 2865618 -1 BE+07 82324998 -2 9E+08 7.06E+08 -1 1E+09 2 25E+09 -1 4E+10 3 11E+10 3 89E+11 -3 3E+12 42E+12 101E+14 -BE
14 0.05 0.977205745 | -1.24447 405182 -311.591 1569163 -227706.975 2083831 -14E+07 68771460 -2 5E+08 6.53E+08 -1E+09 1.59E+09 -12E+10 4 65E+10 229E+11 -3E+12 8.3E+12 6.36E+13 -TE
15 0.1 0.86137941 |-3.38712 -40.7189 2283477 6640684 -139406.052 1474312 -11E+07 56851613 2 2E+08 6.04E+08 -9.5E+08 1.05E+09 -9.6E+09 543E+10 8.86E+10 -2 5E+12 1.07E+13 317E+13 -6 8F
15 []15 [] SAZOFaLQ L0 2 A AN VA ARG AL Oy FOrk AN F) ONOE FAYD ACAL OIS A O N0 fE AL ano 0 AL anNe F A 3o 00 g N0 ¢ EOL 30 3 EL 340 L) TS ] 1 ‘|L';+13 613E+12 _45E
17 02 03 E+13 -1.3E+13 -3.2F
18 0.25 0.0 E+13 26E+13 -2.1E
19 03 €. £+12 -34E+13 11E
20 0.35 0 £+12 37E+13 3E
21 04 |04 1.2 E+12 -3.TE+13 3.16
22 045 |04 - £+12 -3.5E+13 7.491
23 05 = 1 P E+12 3E+13 1.02t
24 055 |0 E+11 -25E+13 1.161
25 06 |-04 08 +11 -1.9E+13 1.181
26 065 |0 - +12 1.3E+13 112
27 07 |0 06 \ £12 T6E+12 1E-
28 075 |00 @ - +12  3E412 8411
29 08 0y O 0.4 \ / +12 8.07E+11 6.63
30 0.85 0. _E - \ / +12 3.67E+12 4.83
Ell 09 | 0] = 02 12 5.65E+12 3.13t
32 095 |00 Q- - +12 6.83E+12 1.61t
33 1 01 E \ / +12 7.31E+12 3.37
34 105 |09 <L 0 +11 T.21E+12 6.TE
35 11 04 \ /\\ / +11 6.68E+12 -1.4E
36 115 |0 -0.2 +11 584E+12 -1 9F
a7 12 |04 \ / \ / +10 4.81E+12 -2.2E
38 125 |04 -04 L> 4 g E+11 3.71E+H12 2.2F
39 13 04 F+11 2 61E+12 2 1E
40 135 |04 -0.6 E+11 1.58E+12 -1.9E
41 14 |0 E+11 6.73E+11 1.7E
42 145 |0 0 1 2 } 3 4 5 6 F+11 B4E+10 -14F
43 15 | -0 Time (s) E+11 6.8E+11 -1E
44 1585 |0 E+11 -1.1E+12 TE
45 16 |0 : F+11 -14E+12 4E
46 1.65 0.084924652 |2.356048 1.097609 -32.0675 5432117 5877013665 -3509.21 -2660.36 1152517 471327 -1164363 21052679 -81E+07 -1.7E+08 3.38E+09 -1 5E+10 211E+09 33E+11 -16E+12 1 5E|
M 4 b M| Sheetl . Sheet?  Sheet3 . ¥J KN il | ri
Lrsare| | @ o & 8| & 2 gp R ES @ B R ol () sssev mm
1enAPEED
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Conversions and Responses (5)-(26)

Numerator Initial
Coefficients l l Conditions

A M(T) = A
(T) = exp(AT) M, E,
B .
. . Taylor Series
Laplace Differential
Transform Equation Time
Responses
(Traditional A1-M| = E
methods) A-L| = A
L(T), A,
. Dual of T.S.
Z Transform D|ffere.nce
Equation . .
Differential
D
Responses

E, L(T) = In(E)/T
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Conclusions

* Recursive Taylor Series

— In place, if needed

— No special handing for multiple or complex
poles as with partial fraction expansions

— Embedded software and spread sheets

— Good convergence with Taylor Series

* M or L can be calculated by functions of
matrices can be used for exact continuous

and discrete system conversions XX X
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Background - Symmmetry (State
Transition/Logarithmic Matrices)

Difference (Time) x(t), M(T) -

Differential 0 0 0 0 0
X X X X X
( ) 0 1 n-1 n u
Z(1), 1 1 1 1 1
L(T) XO Xl Xn—l Xn Xu
n-1 n-1 n-1 n-1 n-1
1 XO )(1 Xn—l Xn Xu
n n n n n
XO Xl Xn—l Xn Xu
u u u u u
XO Xl Xn—l Xn Xu
TERASPEED
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Transpose Symmetry
(Difference/Differential Equation)

Difference (Time) E -

Differential 0 0 0 0 0
XO Xl Xn—l Xn Xu
1 1 1 1 1
XO Xl Xn—l Xn Xu
n-1 n-1 n-1 n-1 n-1
XO Xl Xn—l Xn Xu
n n n n n
A X X, X 1 X, X,
1 u u u u u
XO Xl Xn—l Xn Xu
p_ @ -
TERASPEED
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Transpose Symmetry
(Taylor Series/Dual Responses)

Taylor Series ‘

Difference (Time)
, E
— >
Differential 0 0 0 0 0
\-—i(—o > X, e Xy ‘ X, XIJ
1 1 yvi o1 1
Dualof | Xo| X¢ - Xy X300 0 X
ToSo : I :
I °
n-J4 n-1 n-1 | ,n-1 n-1
1 B L0 e N S WS I
N i cen n 1 n cen i
XO Xl Xn—l i Xn Xu
, .
A l
u u u u u
\ 4 XO Xl M Xn—l I Xn Xu
— l
| p_ -
TERASPEED
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Taylor Series and Dual of
Taylor Series Derivations

* Taylor Series from State Transition Matrix
— x(t+T) = M(T)x(t) = (I + AT + A2T/2! .. )x(t)
— A*x(t) is k-th derivative of x(t)
* Dual of T.S. from Natural Logarithm Matrix
— dz(t)/dt = L(T)z(t) = - [(1 - E) + (1 - E)/2 +
(1-E)3/3+ ... ]z(t)/T
— Ekz(t) is the k-th shifted sample of z(t)

— Collect the terms for each power of E

28 D
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Logarithmic Expansion: Binomial
Series & Pascal Triangle Reduction

qil ,_, factor | @ 3 4 5 qil A . @ ; . :

\’

0 =
(a4} ) (q q) [, (d q
L (e w o)) e[ 2 G ) G L2
0 _

q -—
2 k/z 12 2/2|1/2: . noon E/‘
3 ‘: /3 Y3 3/3:3/3I Y3 ) 2o 1

q I 3 |16 31 32 13
4 k/4 v 4/4:6/4|4/4 v 4 |/ 41 62 43 U4
@ E /5 U5 55 |10/5110/5 §/5 1/ @ 137/60  5/1 ,llo/zl 10/3 54 15

I I k-1l
G CANA =D (a) /1
— i, k>0 =— k, k>0
Pe="7 ék: k A h="7 (k)T
|
L—-- Correction: replace - > g
q with i TERASPEED
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Example: sin(107t),
Some Original & Scaled Terms

* Scaling by weighting samples: y. = exp(-yt)x

- k T3, Scaled TS5, (4] terms)
0 -3.14586 -3.14586
o | 40. 12.8867
*9 3.04e+7 | 1135.93 (maximum value)

* 20 -6.89e+9
* 30 -2.83e+7
* 40 -0.025

-1.00 (set by scaling)
-4.93801e-8
-5.26270e-22

I -_ e
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Example: sin(10xt), Last 1/2 Cycle,
48-th Derivative

* 00<=t<=1.0,7T=0.02, 51 samples

— Function | Exact Dual T.S. (error bold)
- sin[45] | 0.000000 | -1.08745e-5
. sin[46] | -0.587785 | -0.587844
. sin[47] | -0.951057 | -0.951141
. sin[48] | -0.951057 | -0.951134
. sin[49] | -0.587785 | -0.587827
- sin[50] | 0.000000 | 1.08745e-5

— (All other iterative methods are “Exact”)

28 D
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Example: sin(10xt), Last 1/2 Cycle,
49-th Derivative

* 00<=t<=1.0,7T=0.02, 51 samples

— Function | Exact Dual T.S. (error bold)
« cos[45] | -1.00000 | -1.00090
* cos[46] | -0.809017 | -0.809081
* cos[47] | -0.309017 | -0.309033
- cos[48] | 0309017 | 0.309055
* cos[49] | 0.809017 0.809094
. cos[50] | 1.00000 1.00090

— (All other iterative methods are “Exact”)
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Conclusions

* Exact transformations
— Practical modeling applications

— Common routines for both domains
* Taylor Series & Binomial Series “duality”

— Accurate with scaling

— But not as accurate and stable as other
iterative methods

28 M
TERASPEED

Page 23 © 201 | Teraspeed Consulting Group LLC CONSULTING
GROUP




